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A B S T R A C T

The increased high-impact and low-probability extreme weather events have posed unprecedented impacts on
power system operation, and it is necessary to have appropriate methods to analyze the impacts. In this paper,
a sequential steady-state security region (SSSR) is proposed to better describe the operational region impacted
by sequential weather events, and SSSR is a polytope describing a region, where the operational constraints
are satisfied. Based on SSSR with uncertain topology changes because of extreme weather events, a bi-level
programming model is proposed. By means of Karush–Kuhn–Tucker conditions, the lower-level optimization
model is equivalently transformed into a set of linear constraints, which are included in the upper-level
optimization model. System topology scenarios are generated with the Monte Carlo method to avoid the curse
of dimensionality caused by numerous uncertain topology scenarios. The generated system topology scenarios
are mapped into the binary variables, representing line states, by means of the recursive McCormick (RMC)
envelopes. Two test systems validate the proposed model. The results show that the proposed SSSR can well
describe the feasible sequential region with regard to extreme weather events.
. Introduction

Energy has played a critical role in supporting social development.
n Asia and the Pacific, the primary energy demand is estimated to
ave more than 2.4% increase each year by 2030, typically electric-
ty demand has a higher increase, at about 3.4%. For the increased
lectricity demand, it is desired to have efficient and reliable power
upply. The power systems usually cover wide geographical regions,
nd many of components in the power systems are exposed to external
nvironment, which makes the power systems vulnerable to natural dis-
sters, e.g., wind storms, ice storms, thunderstorms, earthquake, fires,
nd flooding [1–3]. The global temperature rise has been considered as
ne of important underlying causes of the extreme weather events with
he higher intensity and frequency [4,5]. Based on the data reported to
he Department of Energy of U.S. from 2000 to 2016, including outages
ue to extreme weather events, equipment failure, operation disrup-
ion, fuel supply emergency, system islanding, intentional attacks, and
ublic appeal, it is observed that weather-related major power outages
ccount for 52.9% of total power outages [6]. For example, Hurricane
andy in 2012 had a severe impact on the power supply system of
ew York. Flooding caused by Sandy made five important transmission

ubstations shut down, and one third of generation was lost, affecting
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more than two million residents. In addition, 1000 poles and 225 miles
of overhead lines in the distribution systems were damaged due to the
high wind speed, reaching the maximum speed of 145 kilometers per
hour [7]. On 23 June 2015, more than 280,000 residents were affected
by a storm, with the similar intensity of Hurricane Sandy, and more
than 250,000 people in Philadelphia were affected at the same time [8].
In 2011, two high-voltage transmission lines in New Mexico were
threatened by the Las Conchas wildfire, resulting in 400,000 customers
at risk, and Los Alamos National Laboratory was also forced to be closed
due to this fire [8]. In September 2015, an extreme high temperature
in San Diego resulted in load shedding to guarantee power balance,
and about 150 MW loads were curtailed with 115,000 customers in
blackout [8]. Another recent weather-related outage was Texas power
outage in February 2021. A rare polar vortex caused 50 ◦F below
average temperature in Texas, resulting in more than 69 GW of loads
at the peak. In addition, the severe cold air forced some wind turbines
and natural gas facilities out of service [9]. In Texas, the electricity
produced by natural gas in 2020 and wind in 2017 was more than
50% and 15% [10,11], respectively. The rare polar vortex caused five
million people at the peak without power.
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Nomenclature

Sets and Indices

𝑏′, 𝑏 Index representing buses.
𝑡 Index representing time periods.
𝑘 Index representing scenarios of sequential

system topologies.
𝑔 Index representing generating units.
𝑙 Index representing lines.
̄ Set of lines, which will not be on the

trajectory of an unfolding event.
𝑏 Set of buses that are connected to bus 𝑏.
 Set of lines, which will be on the trajectory

of an unfolding event.
𝑏 Set of generators that are connected to bus

𝑏.
𝛹1, 𝛹2, 𝛹𝐾 Different sequential steady-state security

regions.
𝛱𝑘 Sequential system topology under the 𝑘th

scenario.
𝛺 Set of all possible SSSRs.

Parameters

𝑁 The number of time intervals.
𝐵𝑏𝑏′ Electrical susceptance.
𝐚,,𝐛,, Coefficient matrices.
𝑅𝑔 , 𝑅𝑔 Ramp-down and ramp-up limits of genera-

tors.
𝑃 𝑏𝑡 Bus load.
𝑃 𝑏𝑏′ The capacity of line 𝑏 − 𝑏′.
𝑃 𝑔 , 𝑃 𝑔 Generation bounds.
𝜃𝑏, 𝜃𝑏 Voltage angle limits of bus 𝑏.

Variables

𝑃𝑔𝑡 Active power at 𝑡.
𝑃𝑏𝑏′𝑡𝑘 Power flow of line 𝑏 − 𝑏′ at 𝑡 regarding the

sequential topology scenario 𝛱𝑘.
𝜃𝑏𝑡𝑘 Bus angle at 𝑡 under the sequential topology

scenario 𝛱𝑘.
𝑓, 𝐹 Optimization objectives.
𝑢𝑏𝑏′𝑡𝑘 Binary variable representing the on–off

state of the line 𝑏−𝑏′ at time 𝑡 regarding the
sequential topology scenario 𝛱𝑘. ‘1’ and ‘0’
indicate on-state and off-state, respectively.

(𝐬+)∗, (𝐬−)∗ Vectors of optimal slack variables for the
lower level model.

𝐬+, 𝐬− Positive slack variable vectors.
𝐿𝐹 Lagrangian function.
 Vector of binary variables that represent

system topologies.
∗ Vector of optimal continuous variables of

the second level model.
 Vector of continuous variables that repre-

sent system conditions.

The increased extreme weather events and the corresponding power
utages have driven the governments and the international organi-
ations, the North American Electric Reliability Corporation (NERC),
he United States Electric Power Research Institute (EPRI), and the
2

𝛼, 𝛾, 𝛽, Vectors of Lagrange multipliers, respec-
tively.

𝛼̂, 𝛽, 𝛾̂ Diagonal matrices of Lagrange multipliers
corresponding to 𝛼, 𝛽, 𝛾, respectively.

House of Lords in the United Kingdom , focus their attentions on
power system resilience [12–14]. The National Infrastructure Advisory
Council in October 2010 released a report that presents a resilience
structure with four features, shown in Fig. 1, based on the sequence of
‘‘prior to events’’, ‘‘during events’’, ‘‘after events’’, and ‘‘post-incident
learning’’, respectively [15–17]. Prior to events, ‘‘robustness’’ requires
to stay standing or keep operating in the face of extreme weather
events. Sometimes, strengthening the system is one of acceptable pre-
ventive strategies. Furthermore, maintaining and investing in elements
of critical infrastructure could also improve system robustness so that
they can withstand these extreme weather events. During events, ‘‘re-
sourcefulness’’ requires to have enough capability of managing an
event as it unfolds. In this stage, it is necessary to identify options
and prioritize what could be done to mitigate the caused damages.
After events, it is desired to get the system back to normal states as
quickly as possible. To this end, determining emergency and restoration
operations is important, and scheduling the appropriate sources and the
right people to the right place is also critical [18,19].

The conventional operational strategies usually do not include the
countermeasures against these potential extreme weather events. It
is crucial to make appropriate strategies to deal with these extreme
weather events. To cover the whole time horizon of an extreme weather
event, the strategies in different stages, i.e., prior to the event, during
the event, and after the event, should be prepared [20–22].

Prior to the event, assessments and preventive strategies need to
be implemented to improve the system capability of dealing with an
extreme weather event. A historical data-based regression model is
established to evaluate the potential outages due to hurricanes [23].
In addition to hurricanes, the influences of extreme floods and wild-
fires on power systems are investigated in [24,25]. Power system
resilience assessments on transmission and distribution systems are
investigated in [26]. Based on the assessments, potential preventive
countermeasures, e.g., microgrid construction, mobile energy storage
pre-allocation, and network hardening, can be implemented to increase
the system resilience [27,28]. For example, preventive resource alloca-
tion in consideration of repair and restoration for possible failures on
the trajectory of one upcoming hurricane is investigated in [29]. To
minimize the number of vulnerable lines impacted by an approaching
hurricane, the optimal microgrid formation is analyzed in [30]. A
tri-level optimization model is proposed in [31] to construct optimal
hardening strategies, improving distribution system resilience. In con-
sideration of the flexibility of mobile power sources, [32] focuses on
optimal pre-position for mobile power sources to make critical loads
have high survivability after outages. [33] investigates a resilience-
oriented proactive strategy to improve the preparedness of multiple
microgrids against one upcoming hurricane.

During the event, real-time strategies are expected to be performed
to mitigate the negative impacts. [34] proposes a microgrid section-
alization approach to enhance distribution system resilience, and an
operational enhancement method based on a defensive islanding algo-
rithm is proposed in [35], and the potential cascading failures can be
avoid. Real-time strategies, including topology switching, load shed-
ding, and generation dispatch, associated with preventive strategies
are presented in [36] to construct an integrated resilience response
framework. Considering the forced outages of lines and heterogeneity
of power flow distribution, a resilience-constrained unit commitment
model is established in [37]. Resilience enhancement strategies, during
an unfolding extreme event, based on Markov decision processes are
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Fig. 1. Resilience structure.
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proposed in [38,39]. Based on Markov states, a recursive optimization
model in consideration of the future expected cost and the current cost
is established, and the real-time states can be mapped into the optimal
strategy in each decision period.

After the event, it is necessary to quickly restore the system. Con-
structing microgrids is an effective means to quickly pick up loads after
a disaster [40]. An approach to restore critical loads by constructing
multiple microgrids, in which there are distributed generators, is inves-
tigated in [41]. A load restoration architecture is proposed in [42] to
enhance the feeder-level resilience in distribution systems. Repair crews
and mobile power sources play important roles in load restoration after
disasters. [43] dispatches mobile power sources and repair crews to
restore the distribution system, and the problem is constructed as a
mixed integer linear programming model.

Currently, many of research studies focus on microgrid construc-
tion, repair crew dispatch, system hardening, and mobile emergency
resource dispatch to improve the resilience of distribution power sys-
tems. In consideration of different characteristics between transmission
systems and distribution systems, the effects of these strategies are
restricted for transmission systems. When a transmission system is be-
ing impacted by an extreme weather event, how to consider uncertain
sequential impacts on the system and depict the corresponding feasible
region in consideration of the operational constraints to improve power
system resilience is one of significant research points that need to be
further investigated. To bridge a gap in this point, a sequential steady-
state security region (SSSR) is proposed in this paper to better describe
the operational region impacted by sequential weather events, and a
SSSR-based system optimization model to determine an operational
point to improve system resilience is investigated. There are three main
contributions listed as follows: (1) A sequential steady-state security
region is proposed to describe the operational region impacted by the
sequential weather event; (2) The SSSR-based resilience enhancement
problem in consideration of uncertain system topology changes caused
by the extreme weather event is established as a bi-level programming
model; (3) The sequential system topology changes are mapped into
new optimization variables associated with a set of constraints by using
recursive McCormick envelopes.

2. Sequential steady-state security region in consideration of
event uncertainty

2.1. Sequential steady-state security region

Different lines on the trajectory of an unfolding event may be
in failure during the sequential time periods of the event, and in
consequence can lead to different topologies during its sequential time
periods. For example, {𝑏 , 𝑏 } and {𝑏 , 𝑏 } are the sets of potential
3

12 14 14 16 (
Fig. 2. Sequential impacts caused by an unfolding event.

ailure components in 𝑡1 and 𝑡2 in Fig. 2, respectively. Because of the
ncertain influences of the unfolding event on the network, there are
ifferent possible failure scenarios. For example, the failure scenario
ay be {𝑏14} and {𝑏14, 𝑏16} in 𝑡1 and 𝑡2, respectively. It means that the

ine 𝑏14 is in failure in 𝑡1 and the lines 𝑏14 and 𝑏16 are in failure in 𝑡2. For
nother example, the failure scenario may be {∅} and {𝑏14} in 𝑡1 and
𝑡2, respectively. It means that no line is in failure in 𝑡1 and the line 𝑏14
s in failure in 𝑡2. Feasible operational points over the sequential time
eriods are expected for possible failure scenarios that are bounded by
he operational constraints such as line capacity, generators’ ramping
ates and generator capacity. Therefore, appropriate operational points
lay significant roles in the subsequent operational points over the
equential time periods. To illustrate the importance of the operational
oints, the steady-state security region (SSR) [44] is introduced.

For the SSR, the operational constraints are the space boundaries,
nd it is usually constructed to deal with the problem with one time
eriod. An operational point can be easily checked if it is steady-state
ecure based on SSR. For example, there are two generators in Fig. 3.
t 𝑡0, the operational points 𝑜1, 𝑜4, and 𝑜6 are within SSR, and they are
teady-state secure. However, when we consider the sequential time
eriods of an event, the corresponding SSR will be complicated.

For example, the operational point 𝑜1 in 𝑡1 can reach the operational
oint 𝑜2 in 𝑡2, and then can reach the operational point 𝑜3 in 𝑡3 with
he constraints of generators’ ramping rates. However, the operational
oint 𝑜4 can only reach the purple rectangular region, which is not
ithin SSR in 𝑡2. Similarly, the operational point 𝑜7 can only reach

he purple rectangular region, which is not within SSR in 𝑡3. Therefore,
ased on SSR, the concept of a sequential steady-state security region
SSSR) is proposed in consideration of the sequential impacts.
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Fig. 3. Security region (SR) over sequential time periods.

The generic mathematical expression for SSR is written as (1).

𝜓{𝐲|𝐚 ⋅ 𝐲 ≤ 𝐛} (1)

where 𝐚 is a coefficient matrix and 𝐛 is a coefficient vector representing
operating constraints, and 𝐲 is a vector of variables, representing gen-
erators’ outputs. The constraint (1) represents the steady-state security
region of one time interval. Considering the sequential time periods,
the constraint (1) can be extended to SSSR, which can be represented
as follows.

 = [𝐲𝑇1 ,… , 𝐲𝑇𝑡 ⋯ , 𝐲𝑇𝑁 ]𝑇 (2a)

 = [𝐛𝑇1 ,… ,𝐛𝑇𝑡 ⋯ ,𝐛𝑇𝑁 ]𝑇 (2b)

 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑎1 𝑎12
𝑎21 𝑎2 𝑎23

𝑎32 𝑎3
⋱

𝑎𝑁−1 𝑎𝑁−1,𝑁

𝑎𝑁,𝑁−1 𝑎𝑁

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

(2c)

𝛹{| ⋅  ≤ } (2d)

where  is a coefficient matrix extended from 𝐚, and  is a coefficient
vector extended from 𝐛 in consideration of different time periods.
 is a variable vector that is extended from 𝐲 in consideration of
different time periods. The subscripts 1,… , 𝑡,… , 𝑁 denote different
time intervals.  is a sparse matrix, in which the diagonal subma-
trices 𝑎1, 𝑎2,… , 𝑎𝑁 denote the coefficient with regard to operational
constraints in the 1st, 2nd,… , 𝑇 st time periods. 𝐚12 and 𝐚21 show the
coupling relations in the 1st and 2nd time periods. 𝐚23 and 𝐚32 show
the coupling relations in the 2nd and 3rd time periods. The coupling
relations are determined by the generators’ ramping rates, and the other
elements in the matrix  are zeros.

2.2. SSSR with uncertain system topology changes

SSSR can describe the sequential characteristics over the sequential
time periods. In consideration of uncertain influences of an unfolding
event on the topology, it is necessary to include these uncertainties
in SSSR. Fig. 4 shows an example. To read the figure easily, the
3-dimension figure is illustrated by several 2-dimension figures. The
steady-state security regions in 𝑡0, 𝑡1, and 𝑡2 are illustrated in Fig. 4(a),
(b), and (c), respectively. Even though the probabilities of line failures
due to the unfolding event are assumed to be known, the system
topologies in the subsequent periods 𝑡1 and 𝑡2 cannot be known due to
uncertain line failures in 𝑡1 and 𝑡2 when determining the strategy in 𝑡0.
This results in different possible SSSRs. Therefore, it is desired to obtain
strategies that are within the feasible regions in 𝑡 and 𝑡 considering
4

1 2
possible SSSRs. A new set 𝛺, representing all possible SSSRs, is defined
as follows.

𝛺 = {𝛱1,𝛱2,… ,𝛱𝐾}

where 𝛱1, 𝛱2, and 𝛱𝐾 are different SSSRs corresponding to different
sequential system topologies 𝛱1 = {𝜋11,… , 𝜋1𝑁}, 𝛱2 = {𝜋21,… , 𝜋2𝑁},
and 𝛱𝐾 = {𝜋𝐾1,… , 𝜋𝐾𝑁}. 𝜋𝐾𝑁 is a system topology scenario of the
𝐾th SSSR in time 𝑁 .

Currently, many research studies focus on the information of ty-
phoons [45], and furthermore the weather-related information can be
known from the meteorological departments to obtain typhoon infor-
mation with its trajectory and its corresponding speed. When a power
system is impacted by a typhoon, the component failure is usually
caused by the high wind speed. The component failure probabilities
with regard to wind speeds have been investigated in many existing
studies [46]. Therefore, it is assumed that the trajectory of the typhoon
and the component failure probabilities are known in the study.

3. Resilience enhancement based on bi-level programming model

Considering uncertain system topology changes, the mathemati-
cal formulation of SSSR is first presented, and then the bi-level pro-
gramming model based on the mathematical formulation of SSSR for
resilience enhancement is established.

3.1. Mathematical formulation of SSSR

For the sequential system topology 𝛱𝑘 caused by an extreme
weather event, we can express its corresponding mathematical SSSR
as follows.
∑

𝑔∈𝐺𝑏

𝑃𝑔𝑡 − 𝑃𝑏𝑡 +
∑

𝑏′∈𝐵𝑏

𝑃𝑏𝑏′𝑡 = 0 ∀𝑡, 𝑏 (3a)

𝐵𝑏𝑏′ (𝜃𝑏𝑡 − 𝜃𝑏′𝑡) = 𝑃𝑏𝑏′𝑡 ∀𝑡, (𝑏, 𝑏′) ∈ 𝛱𝐾 (3b)

𝑃 𝑔 ≤ 𝑃𝑔𝑡 ≤ 𝑃 𝑔 ∀𝑔, 𝑡 (3c)

𝑅𝑔 ≤ 𝑃𝑔(𝑡+1) − 𝑃𝑔𝑡 ≤ 𝑅𝑔 ∀𝑔, 𝑡 (3d)

𝑃 𝑏𝑏′ ≤ 𝑃𝑏𝑏′𝑡 ≤ 𝑃 𝑏𝑏′ ∀𝑡, (𝑏, 𝑏′) ∈ 𝛱𝐾 (3e)

where (3a) presents the power balance constraint, (3b) shows the linear
simplification of line power flow with regard to voltage angles, (3c)
presents the lower/upper bounds of generators’ outputs, (3d) presents
the constraint of the generators’ ramping rates, and (3e) shows the line
capacity bounds.

Based on (3), its corresponding generic expression can be repre-
sented as follows.

∃ ∶  ⋅  ≤  (4)

The generic constraint (4) means that there exists a strategy, satisfy-
ing the operational constraints, over the sequential time periods under
a given SSSR. To obtain this strategy, two new positive slack vectors 𝐬+
and 𝐬− are introduced into the model, and a new optimization model
can be constructed.

𝑓 () = min
𝐬− ,𝐬+ ,

𝟏𝑇 𝐬− + 𝟏𝑇 𝐬+ (5a)

𝑠.𝑡. 𝐬+ ≥ 𝟎, 𝐬− ≥ 𝟎 (5b)

𝐬+ − 𝐬− + ⋅  ≤  (5c)

where 𝟏 is a vector including 1 with proper dimensions, and 𝟎 is a
vector including 0 with proper dimensions. If we have 𝑓 () = 0, it
is concluded that  ≠ ∅ holds. When we have 𝑓 () > 0, it means there
is no strategy satisfying the operational constraints, i.e.,  = ∅.



Renewable and Sustainable Energy Reviews 151 (2021) 111533C. Wang et al.

𝜃

w
s
d
b
c
o
m
v

𝐵

𝑃

𝑃

𝜃

w
i
t

s
c
t
s
t
c

Fig. 4. Sequential steady-state security region (SSSR) illustrated by the 2-dimension figures.
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3.2. SSSR in consideration of uncertain system topology changes

Because of the uncertain impacts caused by the event on the system,
the system topology on the event trajectory is uncertain. Considering
possible system topology changes, SSSR can be represented as follows.

∑

𝑔∈𝐺𝑏

𝑃𝑔𝑡 − 𝑃𝑏𝑡 +
∑

𝑏′∈𝐵𝑏

𝑃𝑏𝑏′𝑡𝑘 = 0 ∀𝑡, 𝑏, 𝑘 (6a)

𝐵𝑏𝑏′ (𝜃𝑏𝑡𝑘 − 𝜃𝑏′𝑡𝑘) = 𝑃𝑏𝑏′𝑡𝑘 ∀𝑡, (𝑏, 𝑏′) ∈ 𝛱𝑘, 𝑘 (6b)

𝑃 𝑏𝑏′ ≤ 𝑃𝑏𝑏′𝑡𝑘 ≤ 𝑃 𝑏𝑏′ ∀𝑘, 𝑡, (𝑏, 𝑏′) ∈ 𝛱𝑘 (6c)

𝑅𝑔 ≤ 𝑃𝑔(𝑡+1) − 𝑃𝑔𝑡 ≤ 𝑅𝑔 ∀𝑡, 𝑔 (6d)

𝑃 𝑔 ≤ 𝑃𝑔𝑡 ≤ 𝑃 𝑔 ∀𝑡, 𝑔 (6e)

𝑏 ≤ 𝜃𝑏𝑡𝑘 ≤ 𝜃𝑏 ∀𝑡, 𝑏, 𝑘 (6f)

here the subscript 𝑘 in (6a)–(6f) represents the possible topology
cenarios due to the unfolding event, and in consequence (6a)–(6f) have
irect relations to the system topologies. However, (6a)–(6f) cannot
e directly optimized as the constraints because of their non-explicit
haracteristics with regard to the optimization variables, i.e., generator
utputs and line states. To relate the system topologies to the opti-
ization variables, the constraints are rewritten by introducing integer

ariables representing on–off line states.
∑

𝑔∈𝐺𝑏

𝑃𝑔𝑡 − 𝑃𝑏𝑡 +
∑

𝑏′∈𝐵𝑏

𝑃𝑏𝑏′𝑡𝑘 = 0 ∀𝑡, 𝑏, 𝑘 (7a)

𝐵𝑏𝑏′ (𝜃𝑏𝑡𝑘 − 𝜃𝑏′𝑡𝑘) − 𝑃𝑏𝑏′𝑡𝑘 + (1 − 𝑢𝑏𝑏′𝑡𝑘)𝑀 ≥ 0

∀𝑙 ∈ , 𝑡, (𝑏, 𝑏′) ∈ 𝑙
(7b)

𝐵𝑏𝑏′ (𝜃𝑏𝑡𝑘 − 𝜃𝑏′𝑡𝑘) − 𝑃𝑏𝑏′𝑡𝑘 − (1 − 𝑢𝑏𝑏′𝑡𝑘)𝑀 ≤ 0

∀𝑙 ∈ , 𝑡, (𝑏, 𝑏′) ∈ 𝑙
(7c)

𝑢𝑏𝑏′𝑡𝑘𝑃 𝑏𝑏′ ≤ 𝑃𝑏𝑏′𝑡𝑘 ≤ 𝑢𝑏𝑏′𝑡𝑘𝑃 𝑏𝑏′ ∀𝑡, (𝑏, 𝑏′) ∈ 𝑙, 𝑙 ∈  (7d)

𝑏𝑏′ (𝜃𝑏𝑡𝑘 − 𝜃𝑏′𝑡𝑘) = 𝑃𝑏𝑏′𝑡𝑘 ∀𝑘, 𝑙 ∈ , 𝑡, (𝑏, 𝑏′) ∈ 𝑙 (7e)

𝑏𝑏′ ≤ 𝑃𝑏𝑏′𝑡𝑘 ≤ 𝑃 𝑏𝑏′ ∀𝑘, 𝑙 ∈ , 𝑡, (𝑏, 𝑏′) ∈ 𝑙 (7f)

𝑅𝑔 ≤ 𝑃𝑔(𝑡+1) − 𝑃𝑔𝑡 ≤ 𝑅𝑔 ∀𝑡, 𝑔 (7g)

𝑔 ≤ 𝑃𝑔𝑡 ≤ 𝑃 𝑔 ∀𝑡, 𝑔 (7h)

𝑏 ≤ 𝜃𝑏𝑡𝑘 ≤ 𝜃𝑏 ∀𝑡, 𝑏, 𝑘 (7i)

here (7b)–(7d) present the constraints that represent the states of lines
mpacted by the event and the corresponding power flow. All system
opologies of possible SSSRs are represented by 𝑢𝑏𝑏′𝑡𝑘 ∀𝑡, (𝑏, 𝑏′) ∈ 𝑙, 𝑙 ∈ .

Because there are numerous possible system topologies in con-
ideration of uncertain event influences on a large scale system, the
urse of dimensionality leads to difficulty in solving the model. For
hese numerous possible system topologies, some of system topology
cenarios occur with very small probabilities, and ignoring the system
opology scenario with a small probability can be used to address the
5

urse of dimensionality. To this end, the system topology scenarios are
enerated by the Monte Carlo method. To construct the function of
he generated system topology scenarios with regard to optimization
ariables, i.e., on–off states of lines, in the model, a group of addi-
ional constraints need to be included. An example is used to explain
his. For example, we have three transmission lines 𝑙1, 𝑙2, and 𝑙3 on
he sequential trajectory. If we consider all possible system topology
cenarios, there will be 23 = 8 topology scenarios. Binary variables
1, 𝑥2, and 𝑥3, indicating the states of three lines, can be used to
epresent all topology scenarios. ‘0’ and ‘1’ denote the off-state and
he on-state of the lines, respectively. If we only need to include some
opology scenarios, e.g., {𝑥1, 𝑥2, 𝑥3} ∈ {{0, 1, 1}, {1, 1, 1}}, and two new
inary variables 𝑧1 and 𝑧2, representing the selection of scenarios,
re introduced to include these two topology scenarios in the model.
1 = 0, 𝑧2 = 1 represents that the scenario {0, 1, 1} is selected, and
1 = 1, 𝑧2 = 0 means the scenario {1, 1, 1} is selected. Therefore,
he corresponding constraints regarding to the variables 𝑥 and 𝑧 are
epresented as (8).

1 = 𝑥1𝑥2𝑥3 (8a)

2 = (1 − 𝑥1)𝑥2𝑥3 (8b)

1 + 𝑧2 = 1 (8c)

1, 𝑧2, 𝑥1, 𝑥2, 𝑥3 ∈ {1, 0} (8d)

here (8a) and (8b) show the relations between line variables and
cenario selection variables. (8c) means that only one topology scenario
an be chosen.

Eq. (8a) is nonconvex, however, it can be transformed into a set
f equivalent inequality constraints by means of recursive McCormick
nvelopes [47]. Let 𝛼 = 𝑥1𝑥2, and we have 𝑧1 = 𝛼𝑥3 with (8a). With
he McCormick envelope method, (8a) can be equivalently rewritten as
ollows.

≥ 𝑥1 + 𝑥2 − 1, 𝛼 ≤ 𝑥1, 𝛼 ≤ 𝑥2 (9a)

1 ≥ 𝛼 + 𝑥3 − 1, 𝑧1 ≤ 𝛼, 𝑧1 ≤ 𝑥3 (9b)

Similarly, the multilinear constraints (8b) can be equivalently
ewritten as (10) with the new binary variables 𝛽 = 𝑥2(1 − 𝑥1).

≥ −𝑥1 + 𝑥2, 𝛽 ≤ 1 − 𝑥1, 𝛽 ≤ 𝑥2 (10a)

2 ≥ 𝛽 + 𝑥3 − 1, 𝑧2 ≤ 𝛽, 𝑧2 ≤ 𝑥3 (10b)

Eqs. (8a)–(8b) show the additional constraints on system topology
hanges with regard to variables of line states. With (9) and (10), the
dditional constraints on system topology changes are transformed into
ixed integer linear programming. The generic additional constraints

n system topology changes with regard to variables of line states can
e expressed as follows.

𝑘 =
∏

𝑡,𝑙∈𝐿,(𝑏,𝑏′)∈𝑙
(1 − 2𝑟𝑏𝑏′𝑡𝑘)(1 − 𝑢𝑏𝑏′𝑡𝑘 − 𝑟𝑏𝑏′𝑡𝑘) ∀𝑘 (11a)

∑

𝑧𝑘 = 1 (11b)

𝑘
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𝑧𝑘, 𝑢𝑏𝑏′𝑡𝑘 ∈ {0, 1} ∀𝑘, 𝑡, (𝑏, 𝑏′) ∈  (11c)

here 𝑟𝑏𝑏′𝑡𝑘 is a given value that represents the corresponding coding
state, e.g., ‘‘0’’ and ‘‘1’’ in {{1, 1, 1}, {0, 1, 1}}. 𝑧𝑘 denotes the scenario
selection variable, and 𝑢𝑏𝑏′𝑡𝑘 is the line state variable corresponding
to 𝑥 in the example (8). The constraints (11b) and (11c) correspond
to (8c) and (8d), and the constraint (11a) corresponds to (8a) and
(8b) in the example. In (11a), there exists a generic term 𝑢1𝑢2 ⋯ 𝑢𝑆 ,
and the subscript 𝑆 denotes the number of binary variables. By means
f the recursive McCormick envelopes, the multilinear term 𝑢1𝑢2 ⋯ 𝑢𝑆

can be represented as a set of mixed integer linear programming-based
constraints. First, the term 𝑢1𝑢2 ⋯ 𝑢𝑆 is expressed as (12) by introducing
binary variables 𝜁2, 𝜁3, ⋯ , 𝜁𝑆 .

𝜁2 = 𝑢1𝑢2
𝜁3 = 𝜁2𝑢3
⋯

𝜁𝑆 = 𝜁𝑆−1𝑢𝑆

(12)

where each constraint in (12) is a bilinear constraint, and it can be
equivalently transformed into the following constraints.

𝜁2 ≥ 𝑢2 + 𝑢1 − 1

𝜁2 ≤ 𝑢1
𝜁2 ≥ 0

𝜁2 ≤ 𝑢2
𝜁𝑖 ≥ 𝑢𝑖 + 𝜁𝑖−1 − 1 (𝑖 = 3,… , 𝑆)

𝜁𝑖 ≤ 𝜁𝑖−1 (𝑖 = 3,… , 𝑆)

𝜁𝑖 ≥ 0 (𝑖 = 3,… , 𝑆)

𝜁𝑖 ≤ 𝑢𝑖 (𝑖 = 3,… , 𝑆)

(13)

where all of the multilinear terms in (11a) can be equivalently trans-
formed into a set of mixed integer linear programming-based con-
straints. The first four constraints in (13) correspond to 𝜁2 = 𝑢1𝑢2, and
the last four generic constraints correspond to 𝜁𝑖 = 𝜁𝑖−1𝑢𝑖 (𝑖 = 3,… , 𝑆).

Therefore, the model (7) can be rewritten as a generic expression
(14) with the additional constraints (11b), (11c) and (13).

∀ , ∃ ∶  ⋅ + ⋅  ≤  (14)

where , , and  are the coefficient matrices, where the elements
correspond to the constraints (7a)–(7i).  is a continuous variable
vector, where each element represents operational conditions, and 
is a binary variable vector, in which each element represents the line
state.

The constraint (7) indicates that there exist strategies that satisfy the
operational constraints for all SSSRs in consideration of the uncertain
impacts caused by the event. To this end, we rewrite the model as
follows.

𝐹 () = min
𝐬− ,𝐬+ ,

𝟏𝑇 ⋅ 𝐬− + 𝟏𝑇 ⋅ 𝐬+ (15a)

𝑠.𝑡. ∀ , ∃ , 𝐬+ − 𝐬− +  ⋅ + ⋅  ≤  (15b)

𝐬+ ≥ 𝟎, 𝐬− ≥ 𝟎 (15c)

where (15) means to find an operational point satisfying the worst-
case system topology caused by the event. Equivalently, a max–min
optimization model can be employed to rewrite (15).

𝐹 () = max


min
𝐬+ ,𝐬− ,

𝟏𝑇 ⋅ 𝐬− + 𝟏𝑇 ⋅ 𝐬+ (16a)

𝑠.𝑡. 𝐬+ − 𝐬− +  ⋅ + ⋅  ≤  (16b)

𝐬+ ≥ 𝟎, 𝐬− ≥ 𝟎 (16c)

where (16) can be further represented as an optimization model with
two levels as (17).

𝐹 () = max 𝟏𝑇 ⋅ (𝐬−)∗ + 𝟏𝑇 ⋅ (𝐬+)∗ (17a)
6


b

𝑠.𝑡. min
𝐬+ ,𝐬− ,

𝟏𝑇 ⋅ 𝐬− + 𝟏𝑇 ⋅ 𝐬+ (17b)

𝑠.𝑡. 𝐬+ − 𝐬− +  ⋅ + ⋅  ≤  (17c)

𝐬+ ≥ 𝟎 (17d)

𝐬− ≥ 𝟎 (17e)

where (𝐬−)∗ and (𝐬+)∗ represent the optimal solutions of the lower-level
optimization model (17b)–(17d).

3.3. Solution

There is a lower-level optimization model in the constraints of
(17), and this results in difficulty in solving the entire optimization
model. The lower-level optimization model (17b)–(17e) can be equiv-
alently transformed into a group of inequality/equality constraints
with Karush–Kuhn–Tucker (KKT) conditions by introducing Lagrange
multiplier vectors 𝛼, 𝛽 and 𝛾 with regard to (17c), (17d), and (17e).
Eq. (18) lists the corresponding Lagrangian function with regard to
(17b)–(17e).

𝐿𝐹 = 𝟏𝑇 𝐬+ + 𝟏𝑇 𝐬−+
𝛼𝑇 ( ⋅ + ⋅  + 𝐬+ − 𝐬− − )−

𝛾𝑇 𝐬− − 𝛽𝑇 𝐬+
(18)

With the Lagrangian function, the KKT conditions of the sub-
optimization model (17b)–(17e) with regard to ∗, (𝐬+)∗, and (𝐬−)∗ can
be represented as follows.
𝜕𝐿𝐹
𝜕𝐬−

= 𝟏 − 𝛼 − 𝛾 = 0 (19a)
𝜕𝐿𝐹
𝜕𝐬+

= 𝟏 + 𝛼 − 𝛽 = 0 (19b)
𝜕𝐿𝐹
𝜕

= 𝑇 ⋅ 𝛼 = 0 (19c)

− (𝐬+)∗ ≤ 𝟎 (19d)

− (𝐬−)∗ ≤ 𝟎 (19e)

𝐬+)∗ − (𝐬−)∗ +  ⋅ + ⋅ ∗ −  ≤ 𝟎 (19f)

≥ 𝟎 (19g)

≥ 𝟎 (19h)

≥ 𝟎 (19i)
̂ ⋅ (𝐬+)∗ = 𝟎 (19j)

𝛾̂ ⋅ (𝐬−)∗ = 𝟎 (19k)

𝛼̂ ⋅ ((𝐬+)∗ − (𝐬−)∗ +  ⋅ + ⋅ ∗ − ) = 0 (19l)

here 𝛼̂ is a diagonal matrix in which the diagonal element corresponds
o the element in the vector 𝛼. Similarly, 𝛽 and 𝛾̂ also represent diagonal
atrices with regard to 𝛽 and 𝛾.

With the KKT conditions, the optimization model is reformulated as
ollows.

max
 ,∗ ,(𝐬+)∗ ,(𝐬−)∗

𝟏𝑇 ⋅ (𝐬+)∗ + 𝟏𝑇 ⋅ (𝐬−)∗ (20a)

𝑠.𝑡. (19c)-(19k) (20b)

here (20) is a mixed integer linear programming-based optimization
odel. When the optimal value of the model (20) is 0, i.e., 𝐬+ = 0

nd 𝐬− = 0, it indicates that an appropriate operational point without
oad shedding in the sequential time periods is found to satisfy the
enerated system topology scenarios caused by the event. When 𝐬+ and
− are larger than zeros, it indicates that an appropriate operational
oint without load shedding in the sequential time periods cannot
e found to satisfy the generated system topology scenarios caused
y the event. 𝐬+ and 𝐬− are slack variables. When their variables are
arger than zeros, the physical meaning is that load shedding at certain
uses should be performed to guarantee a feasible operational point
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Fig. 5. Sequential impacts caused by a typhoon.

Table 1
Line parameters.

Line No. To bus From bus Line capacity (p.u.)

1 2 1 0.65
2 4 1 0.65
3 6 1 0.65
4 3 2 0.9
5 5 3 0.9
6 5 4 0.8
7 6 4 0.8
8 7 6 0.9
9 7 3 0.9

satisfying the generated system topology scenarios in the sequential
time periods. Based on the proposed SSSR-based model, it is easy to
find an optimal strategy that improves the system resilience against the
extreme weather event.

4. Results and discussions

The proposed SSSR-based model is validated by a simple system and
a revised IEEE 118-bus system. In the case studies, typhoons are our
focused extreme weather events.

4.1. Case 1: A simple system

The typhoon trajectory and the system topology are presented in
Fig. 5. There are three generating units 𝐺1, 𝐺2 and 𝐺3 that are con-
nected to the buses 𝑏2, 𝑏5, and 𝑏7. The upper/lower capacity bounds
of each generating unit are 2.5 (p.u.) and 0.2 (p.u.), respectively.
Loads connected to the buses 𝑏1, 𝑏3, 𝑏4, and 𝑏6 are 0.4 (p.u.), 0.4
(p.u.), 0.6 (p.u.), and 0.6 (p.u.). The network is directly influenced
by the typhoon in 𝑡1 and 𝑡2. Though the typhoon does not directly
impact the system in 𝑡0, the operational condition in 𝑡0 has a great
impact on the subsequent operational conditions in 𝑡1 and 𝑡2 because of
the operational constraints, e.g., possible topology changes due to the
typhoon and generators’ ramping rates. So, we investigate the optimal
strategies in 𝑡0, 𝑡1, and 𝑡2. Table 1 shows the line parameters.

When performing the strategy in 𝑡0, the possible system topology
changes in 𝑡1 and 𝑡2 should be taken into account, i.e., uncertain SSSRs
should be included. The possible topology changes in 𝑡1 and 𝑡2 are
listed in Table 2. When generators’ ramping rates are 0.15 (p.u.) and
0.35 (p.u.), the feasible dispatch regions in 𝑡0, in consideration of
possible SSSR’s impacts of the subsequent time periods 𝑡1 and 𝑡2, are
illustrated as blue regions in Fig. 6(a) and (b). Due to the multiple
dimensions caused by the sequential steady-state security region over
the timeline, we only show the region projection of the sequential
steady-state security region on one decision time, e.g., the time 𝑡 .
7

0

Table 2
Possible component failure scenarios in 𝑡1 and 𝑡2.

No. Component failure

𝑡1 𝑡2
1 – –
2 – 𝑏1–𝑏4
3 – 𝑏1–𝑏6
4 – 𝑏1–𝑏4, 𝑏1–𝑏6
5 𝑏1–𝑏2 –
6 𝑏1–𝑏2 𝑏1–𝑏4
7 𝑏1–𝑏2 𝑏1–𝑏6
8 𝑏1–𝑏2 𝑏1–𝑏4, 𝑏1–𝑏6
9 𝑏1–𝑏4 –
10 𝑏1–𝑏4 𝑏1–𝑏6
11 𝑏1–𝑏2, 𝑏1–𝑏4 –
12 𝑏1–𝑏2, 𝑏1–𝑏4 𝑏1–𝑏6

Table 3
Line power flow.

No. Line Power Flow

𝑡1 𝑡2
1 – 0.5238
2 0.2050 –
3 0.1950 0.1238
4 0.6050 0.2312
5 0.0900 0.0345
6 0.8000 0.5255
7 0.0100 0.0745
8 0.7850 0.5507
9 0.1150 0.1343

Take the operational point 𝐴 as an example, it corresponds to 𝑃𝐺1
=

0.62, 𝑃𝐺2
= 0.70, and 𝑃𝐺3

= 0.68 in 𝑡0. When all of generators’ ramping
rates are set to 0.15 (p.u.), it is within the feasible dispatch region.
Line power flows in consideration of possible failure scenarios in 𝑡1
and 𝑡2 due to the typhoon are presented in Fig. 7(a) and (b). Results
show that the line power flows corresponding to all scenarios are within
the bounds. Take the operational point 𝐵 as another example, and this
point corresponds to 𝑃𝐺1

= 0.62, 𝑃𝐺2
= 0.90, and 𝑃𝐺3

= 0.48 in 𝑡0.
When all of generators’ ramping rates are 0.15(p.u.), this point is out
of the feasible dispatch region. Table 3 lists the corresponding line
power flows with regard to the failure scenario 5. The line power of
the line 5-4 reaches the line capacity bound when the optimal strategy,
i.e., curtailing 0.015 (p.u.) load at bus 𝑏4 in 𝑡1, is performed. This
indicates that we cannot find a feasible operational point satisfying the
constraints without load shedding.

For the operational point 𝐶, it has the same generators’ outputs as
the operational point 𝐵. When we have the generators’ ramping rates
as 0.35 (p.u.), the feasible region increases and the operational point
𝐶 is located in the feasible region. The corresponding line power flows
in consideration of all possible system topologies due to the typhoon
in 𝑡1 and 𝑡2 are presented in Fig. 8(a) and (b), respectively. Results
show that the line power flows corresponding to all scenarios satisfy
the bounds. This shows that larger generators’ ramping rates lead to a
larger sequential steady-state security region.

In addition, different system parameters also impact the optimal op-
erational points over sequential time periods. For example, the ramping
rates of the generators are set to 0.15 (p.u.), and the capacity limits of
the lines 𝑏4 and 𝑏5 are both set to three scenarios, i.e., 0.7 (p.u.), 0.8
(p.u.), 0.9 (p.u.). Fig. 9 presents the feasible dispatch regions in 𝑡0 with
regard to the line capacity limits as 0.7 (p.u.), 0.8 (p.u.), 0.9 (p.u.),
respectively, in consideration of the sequential steady-state security
region in 𝑡1 and 𝑡2. Similarly, due to the multiple dimensions caused
by the sequential steady-state security region over the timeline, we
only show the region projection of the sequential steady-state security
region on one decision time, e.g., the time 𝑡0. Results show that a larger
line capacity bound results in a larger sequential steady-state security
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Fig. 6. Region projection of the sequential steady-state security region on 𝑡0 with ramping rates as 0.15 p.u. (a) and 0.35 p.u. (b).
Fig. 7. Power flows under difficult failure scenarios with ramping rate as 0.15 p.u. in 𝑡1 (a) and 𝑡2 (b), respectively.
region. In practice, the system can be dispatched to an operational point
located in the sequential steady-state security region in consideration
of event’s uncertainty on the system.

4.2. Case 2: IEEE 118-bus system

Fig. 10 shows the trajectory of a typhoon and the system topology
impacted by the typhoon. It is assumed that all of generators’ ramp-
ing rates are set to 0.25. For the sake of exposition, the line failure
probabilities caused by the typhoon on its trajectory are assumed to
0.05. In practice, the failure probabilities can be calculated based on
the existing research studies [45,46].

For this large system, there will exist the curse of dimensionality
with regard to possible system topologies on the trajectory of the
typhoon in consideration of line failure probabilities. It is not easy
to include all possible topologies in the model. Furthermore, some
uncertain topologies over the sequential time periods occur with a
very low probability so that it could be ignored in the analysis. To
this end, the Monte Carlo method is employed to produce the system
8

topology scenarios caused by the typhoon in the analysis. We tested
200, 600, 1000, and 1400 system topology scenarios. Fig. 11(a), (b),
(c), and (d) present the optimal operational points in 𝑡0 when having
200, 600, 1000, and 1400 system topology scenarios with the Monte
Carlo method, respectively. Results show that the profiles of generator
outputs are closer when more system topology scenarios, e.g., 1000
scenarios and 1400 scenarios, are considered. When having more system
topology scenarios, the closer profiles also indicate that the SSSR based
on generated topology scenarios from the Monte Carlo method could
approximate the original SSSR based on all possible topology scenarios.
Fig. 12 shows 600 possible line failure scenarios, corresponding to 600
system topology scenarios, during the sequential time periods of the
typhoon over the system. The horizontal axis denotes the number of
line failure scenarios. The vertical axis denotes the line failure, and
different colors mean different lines in failure. With the dispatched
generation, Fig. 13 and Fig. 14 show the power flow of 25 lines in 𝑡1 and
𝑡4 under 600 possible system topology scenarios. Different colors show
different possible line failure scenarios, i.e., different system topology
scenarios. The 25 lines are 5-6, 8-5, 4-11, 23-24, 8-30, 26-30, 23-
32, 31-32, 30-38, 41-42, 47-49, 64-61, 64-65, 65-68, 68-69, 17-30,
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Fig. 8. Power Flow with ramping rate 0.35 p.u. in 𝑡1 (a) and 𝑡2 (b), respectively.
Fig. 9. Region projection of the sequential steady-state security region on 𝑡0 with the line capacities as 0.7 (a), 0.8 (b), 0.9 (c), respectively.
37-38, 49-51, 59-61, 63-59, 69-70, 24-72, 71-72, 74-77, and 75-118,
respectively. In practice, topology scenarios in consideration of typhoon
information are first generated by means of the Monte Carlo method,
9

and then the system is dispatched to the feasible dispatch region to

against the typhoon with the SSSR-based model.
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Fig. 10. IEEE 118-bus system topology.
Fig. 11. Generation profiles when having different topology scenarios.
5. Conclusion

To include sequential impacts of an unfolding typhoon, this paper
investigates how to consider its uncertain impacts on the system and
depict the corresponding feasible region in consideration of sequential
impacts with the operational constraints. A sequential steady-state
security region (SSSR) is proposed. A SSSR-based bilevel optimization
model is established to find an optimal strategy satisfying the opera-
tional constraints considering the worst-case topology scenario due to
the extreme weather event. In the lower level, the sub-optimization
model is equivalently transformed into a set of inequality constraints
with the KKT conditions. To address the curse of dimensionality re-
garding to possible system topologies caused by the typhoons, the
10
Monte Carlo method is employed to produce system topology scenar-
ios with component failure probability due to the extreme weather
event, and the recursive McCormick envelopes are used to map the
generated topology scenarios to binary variables in the model. The
proposed model is validated by two test systems. The first test system
concludes that the sequential steady-state security region is impacted
by operational bounds, e.g., line thermal capacity limits and generators’
ramping rates. The second test system demonstrates the reasonability
of SSSR based on the generated system topology scenarios with regard
to a larger scale system.

In the future, the following directions on system resilience can be
focused on. (1) The first one is multiple energy system resilience. With
the development of multiple energy systems, different energy systems
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Fig. 12. Line failure scenarios.
Fig. 13. Line power flow in 𝑡1 with 600 system topology scenarios.
Fig. 14. Line Power Flow in 𝑡4 with 600 system topology scenarios.
have increased couplings that drive them depend on each other. How-
ever, different energy systems have different dynamic characteristics
with regard to disturbances. For example, power systems have fast
dynamic responses to distributions compared to gas systems. When a
system is in failure and needs to dispatch repair crews, it is necessary to
consider transportation availability, and this response is more slower.
How to model these impacts from the perspective of different time
scales is one of important tasks. (2) The second one is the impact of
stochastic sources on system resilience. When a system is impacted by
an extreme weather event, it is more vulnerable compared to that in
the normal weather conditions. In this case, the uncertain impacts of
stochastic sources on the system cannot be ignored, and it is necessary
to have systematic theories to address this issue. (3) The third one is
system stability under extreme weather events . Components, e.g., lines,
generators, and transformers, may be in failure due to extreme weather
events, and in consequence may lead to cascading failures and system
instability. Therefore, appropriate strategies need to be implemented to
avoid cascading failures and system instability.
11
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